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Integrala definita

Definitie. Fie f: [ a, b]—> R, o functie care admite primitive pe [a,b] si F o primitiva a lui f.
Numim integrala definita de la a la b a lui f, expresia:

b
F(b) — F(a) si notam: f f(x)dx=F(b)— F(a) (formula lui Leibniz- Newton).

Notatie: F(b) — F(a) = F(x)‘z (citit:’F(x) luat intre a si b).

Reamintim ca orice functie continua admite primitive.

Proprietati ale integralei definite.

1) Daca f,g:[a,b] — R sunt functii continue si A € R, atunci:
a) j[f(x) +g(x)]dx :jf(x)dx +Jb.g(x)dx ;

b) iﬂf(x)dx =A jf(x)dx .

2) Daca f: [ a, b]—> R, este o functie pozitiva si continud = j f(x)dx >0.

3) Daca f,g:[a,b] — R sunt functii continue, cu proprietatea:af(x)é g(x),Vxe[a,b], atunci:
jf(X)dx = jg(X)dx;

4) Fie f [ a, b] —>aR si ce(a,b); daca restrictiile lui £, sunt continue pe [a,c] si [¢,b], atunci:

b c b
[ reodx=[ fooax+] f(x)dx .
Definitie. Daca a<b si f:[a,b] — R este o functie continua, atunci punem prin definitie:
a) | " 0dx =0
b) [ f(x)dx=0;

b a
c) j F(x)dx=— j F(x)dx .

a b
Aplicatii: Calculati integralele:

1) _j;(x3—3x+4)flx; 2) i[x+)c3_2jJX;

2

3) :Nx—l|+|x+1|>ix; 4) ](2ex—x)dx.
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Rezolvare

1 4 2
I(x3—3x+4)dx: x——3x—+4x
° 4 2
2) _
1):1__34_4)4_ E_E_S :1 6+16—(4—6_8):E+4)10:5_1
4 2 2 4 4 4
Calcul

2

F(x)zj.(x3 —3x+4)dx:Ix3dx—3jxdx+4jdx=);—4—3x7+4x+C

4

A 3 2 4 2 2
I(x+ijd :J.xa’x+3j~ =21 3.2 1 4__2__3(1_1)

2) 2 X 2 21, xp 22 42
:8—2—3-£—1j=4>6+§=2—7

4 4 4

2 - ”7177777;):17 T 1 2 x2 - 1 X
I(‘x—l‘ﬂx+1Ddx=_[(—2x)dx—j2dx+.[2xdx=—z'z +2x‘_1 +Z-
bt ) 2

— (<) +(=2) +2-1=2-(<1)+ 22 =P = A +4+25 +44=10
3) Explicit

x—1, x2>1
L

x+1, x>-1
x+1‘:
—x+1, x<1

—x—-1,x<-1

—x+1-x-1=-2x, x<-1
e =1+ [x+1]=4—x+1+x+1=2, xe[-L]1)

x—1+x+1=2x,x2>1

-1 -1 -1

| :E_g, E+4.1_£ﬂ_3,((_2)2
4 2 4

7=

2

1

j(Zex —x)dx = 2] e'dx — jxdx =2e" B
4) -3 -3 -3 R
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Folosind formula lui Leibniz —Newton calculati urmatoarele integrale:

V2

.xsdx:i; 14) [sinxdx =2;
0 3 0
V3 z

19

Xdx=—; %
= 6 15).000sxdx—1,
3

7 _N. ~
) dx=0; 16) | —5—dx=1;
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-1 T
Ix7dx=—78, z
-5 2 1

7 17)I — dx=\/§;
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0 7 2\/5 1 \/_
2 18) dx=In(2v2 +3);

e 3-3(-4); { Jt +1 ( )
| %/;dx: 5 : 2
- 19) [ ———dx=-In(3-6)

1 J 9 SAxT =3

3 2 NE)
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e+l 3 o | T
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e N | W

. 1 21) dx =—;

1
| e'dx=e——; V9 — 4x2 12
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6
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Integrarea prin parti
Teoremd. Daca f,g;[a,b] — R, sunt doua functii derivabile cu derivate continue,
b
atunci are loc relatia: jf’(x)g(x)dx = f(x) g(x) —jf(x)g'(x)dx (1)

(formula de integrare prin parti)
Aplicatii: Calculati, folosind formula de integrare prin parti:

2

1) j(x +1)-e'dx = j(ex)'(x +1)dx=e"(x + 1)\

=3¢’ —1-¢"

e

2) jlnxdx =J(x)'lnxdx =x-1nx‘ jx
1 1

1

><|»—

T

I:]Eez"sin3de— - -sin3x ]E -
y T O
—_%[e;x cos3x: _](:-e;x ( 3s1n3x)dx]
e” 3 9 13

+——1 =
4 4 4 4

II\/x+dxjx+4

B ey 1

54++/29
44245
1

Ixzexdxz_([x (e")'dx =x’e" ;

:e—2(e—e+1):e—2

27 =529 — 85 + 4In

=/=

2 12 x2 ' x2
6) | xInxdx= I Inxdx =—Inx
. 2 2

1 1

2 2

1 1
z

0 0

e e

o[

1

G 0
8) ln—xdx jlnx( ljdx——llnx
X

Y )C X

—e’)=3e*-1-

— ijexdx =
0

e'dx =

O'—.I\J

2
e (x+1)'dx:ez-3—1—J
0

[\

e’ +1=2¢e%.

dx =e — x‘—e (e—1)=e—e+1=1

V4

-3co0s3xdx = —%Iezx -cos3xdx =

0

=
= 3 +§—2Iez"-sin3xdx
2 4 0
e’ +3
13

jx S N 4I—dx =

Vx? +4
x-(\/x2+4) dx+4ln(x+\/x +4)‘ =Xx-
4

S
j\/x +4dx + 41n
\/_+5 5\/_

2J§+4 2

5+29
44245

—445.

! 1
e—2J.x(ex)'dx=e—2 xexO—Jexdx =
0

0

7[ T
7) | xsin xdx = jx(— cos) xdx = —xcosx| + jcos xdx=r.
I 0

2
—lszidx an2-L. | Coma- 3,
217 £ 2 2| 4
:—llne+ln1—l :—l—l+1:e_2.
e X e e e
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Calculati:

1
1. xzexdx:ex(2—2x+x2)‘:):e—2
0
2 2 2
2. |xIlnxdx= —x—+lx21nx

4 2

1

:21r12—i
4

1

2 3 2
3. |x*lnxdx= _x_+1 xInx :81n2_1
9 3 1

! 309

* . . s
4. xsmxdx:(—xcosx+s1nx)‘0 =7

6. |x*cosxdx= (2xcosx + (=2 + x7)sin x)[ =-2r
0

7 [P lxx/i k(xf ) qn(#ﬂ) H10-2/7-913

2
3 e z
8. Ixtgzxdx = (—7 + xtgx + ln(cosx)
0 0
t 1 7 7 In2
9. dx =|xtex + In(cosx)||* =ln| cos— |+ —mtg—=———
-!coszx [gx -+ In )]‘ ( 4) 27T

10. szsmxcbc (4x3+(3 & )sin2x— 6xoos2x)

:_(4ﬂ3 — 60082 +(3—67°)sin27) = 4(—67z+4ﬂ3)
N

2
11. _[arcsmxdx (\ll—x +xarcs1nx)
0

b

=—( ~3+/37)

0

1
12. jarctg\/2x+1d =(—%\/1+2x+(1+x)arctg\/1+2xj 25(6—6\/§+57z)
0 0
% 2 x2 . % 1 \/_ 3
13. lxctg xdx = —7—xctgx+ln(s1nx) ”:2—%[7[(72—32 3—77r)+1441n5}
z ™
2 xcosx 1
14, dx=—| (-9+43)7+9m[3] |
;[Sinzx v= g0 43)7 - omi3)
3
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v
o . . . 2
Ie cos’ xdx = 0¢ [3(5s1n7r +sin37)+15cos 7 + cos37z| - P
0

1 2 2,
:Ee (—15—1)—§:—§(€ +1)

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

xlnx

. (x2 + 1)2

1 2
* X

e
o (x+ 2)?
1
(x* —2x+3)e"dx
0
(217 sin> 2 dx
5 2
[2xIn(x* + 1)dx

0

dx

“dx

xlnx

. (x2 + 1)2

dx

1
1_—xln(l + X)dx
I+x

N — O

.xlnH—xdx
1—x

XCOSX
dx

sin’x

W [ = W[y =y O¢

xarcsin xdx
0
3

. arctg\/;dx

1
1

[\/x? +1dx
0
1.

sin(In x)dx

cos(In x)dx

Q| — C— Q| —
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